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Abstract—The aim of this study was to examine the influence of
uncertainty of the material properties of brain tissue on the prob-
abilistic voltage response and the probabilistic volume of tissue
activated (VTA) in a volume conductor model of deep brain stimu-
lation. To quantify the uncertainties of the desired quantities with-
out changing the deterministic model, a nonintrusive projection
method was used by approximating these quantities by a polyno-
mial expansion on a multidimensional basis known as polynomial
chaos. The coefficients of this expansion were computed with a
multidimensional quadrature on sparse Smolyak grids. The deter-
ministic model combines a finite element model based on a digital
brain atlas and a multicompartmental model of mammalian nerve
fibers. The material properties of brain tissue were modeled as
uniform random parameters using data from several experimen-
tal studies. Different magnitudes of uncertainty in the material
properties were computed to allow predictions on the resulting
uncertainties in the desired quantities. The results showed a ma-
jor contribution of the uncertainties in the electrical conductivity
values of brain tissue on the voltage response as well as on the pre-
dicted VTA, while the influence of the uncertainties in the relative
permittivity was negligible.

Index Terms—Deep brain stimulation (DBS), finite element
methods (FEMs), neural response, sensitivity analysis.

I. INTRODUCTION

THE neurosurgical method deep brain stimulation (DBS)
has evolved as a widely employed procedure to treat the

symptoms of motor skill disorders such as Parkinson’s disease
(PD), essential tremor, and dystonia [1]. In a stereotactic surgery,
a stimulation electrode is implanted in deep brain areas, which
are then stimulated by electrical pulses to improve the symp-
toms. Since the early 1990s, DBS electrodes from the vendor
Medtronic were implanted and used to treat symptoms of motor
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skill disorder in approximately 70 000 patients worldwide [2].
The DBS stimulation pulses commonly applied in the DBS
therapy in humans are voltage-controlled square-wave signals.
In addition to voltage-controlled stimulation, current-controlled
stimulation is now also available. To date, current-controlled
stimulation has been employed mostly in animal studies, but is
attracting increasing interest in human DBS, due to the greater
stability in current delivered and potential to reduce unwanted
side effects that it offers [3]. Although successfully employed
across various clinical fields, the fundamental mechanisms of
the action of DBS remain uncertain [4].

Starting in the last decade, many computational models to
gain insight into these mechanisms have been developed. A
number of these models have concentrated on the computation
of the neural activation by using neuron models in combination
with finite element methods (FEMs) to estimate the voltage re-
sponse for a certain DBS stimulation pulse in the proximity of
the stimulated target [5]–[8]. The extent of the computed volume
of tissue activated (VTA) varies substantially with the material
properties of the surrounding brain tissue [6]. The values for
the material properties of brain tissue in such volume conductor
models are typically based on experimental data, which vary
widely in the literature [9]–[12]. The measurement of the ma-
terial properties is made challenging not only by interfering
effects, such as electrode polarization at low frequencies, but
also difficulties associated with measuring material properties
in vivo or in vitro. Therefore, literature values are scarce, es-
pecially for frequencies below 1 MHz, and are based either
on experiments carried out on live tissue or on excised tissue,
which is known to be subject to uncertainty compared to live
tissue [13]. Present computational models, therefore, cover only
some possible cases of the resulting voltage response and extent
of the neural activation in DBS, and do not consider the un-
certainty in these quantities. This additional information on the
probability distribution of the extent of neural activation could
help engineers as well as clinicians in evaluating the actual acti-
vated area and rating the likelihood of undesired activation. To
investigate the influence of the uncertainty in the material prop-
erties on the uncertainty in the voltage response and the VTA,
a standard approach would be to compute the desired quantities
for a certain amount of different samples of the material proper-
ties and evaluate the stochastics of the desired quantities. This
approach, known as Monte Carlo simulation (MCS), has the
major disadvantage that the variance of the desired quantities
converges relatively slowly with an asymptotical convergence
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rate of 1/
√

N for a number N of samples, thereby requiring a
large number of samples to acquire sufficient accuracy [14]. The
MCS is, thus, only marginally applicable for volume conductor
models of DBS, since the deterministic model is computation-
ally costly with up to several million unknowns. As an alterna-
tively approach to obtain the stochastics of the desired quantities
in a reasonable time, they can be approximated by a polyno-
mial expansion in random variables. This approach, known as
polynomial chaos (PC), can be classified into an intrusive ap-
proach, in which the PC is incorporated into the deterministic
code to form a probabilistic version of it, and a nonintrusive ap-
proach, in which the deterministic code remains unchanged and
is used similar to a “black-box.” Although the nonintrusive PC
methods are well established in various modeling fields of bio-
engineering, such as biomechanics [15] and drug concentration
estimation [16], the applications in electrical bioengineering
are still scarce. The major advantage of this method is that the
deterministic model is only required for the computation of the
coefficients of the polynomial expansion, which can be achieved
by using stochastic collocation [15] or spectral projections [17].
The nonintrusive PC replaces an existing MCS by a surrogate
model, which differs from a classical MCS only by the choice
of nonrandom samples for the deterministic model evaluation
and, therefore, also accounts for nonlinearities [18].

The aim of this study is the application of the nonintrusive
spectral projection method to a volume conductor model of
DBS to quantify the uncertainties in the voltage response and
VTA. The integrals resulting out of the computation of the ex-
pansion coefficients are evaluated numerically by using mul-
tidimensional quadrature on Smolyak sparse grids [19]. The
volume conductor model used in this study consists of an ide-
alized heterogeneous anatomical human brain and is based on
segmented magnetic resonance imaging (MRI) data of a dig-
ital brain atlas [20], [21]. A realistic model of the Medtronic
DBS electrode Mo. 3387 expanded by a peri-electrode space
was incorporated into the model and positioned in the subtha-
lamic nucleus (STN) [8], which is a common target in DBS for
the treatment of the symptoms of PD [22]. The time-dependent
voltage response in the proximity of the active electrode con-
tact was computed for common voltage-controlled and current-
controlled DBS pulses using the Fourier FEM method in com-
bination with equivalent circuits. A multicompartmental mam-
malian nerve fiber model was used to compute the threshold
amplitudes for axons in the proximity of the active electrode
contact and the resulting VTA [6], [23]. The uncertainty in the
voltage response and the VTA was computed for different sets
of probabilistic parameters, where the conductivity and relative
permittivity were investigated separately as well as in combina-
tion. The uncertainty quantification of the voltage response and
VTA can be obtained by the combination of these parameters,
while the separate investigation allowed a sensitivity analysis of
the voltage response and VTA on each of these parameters.

II. METHODS

A. Uncertainty Quantification

Uncertainty quantification is a method to investigate the in-
fluence of uncertainty in the M random model parameters

X1 , . . . , XM , which are assumed to be independent, on a de-
sired quantity Z of the model. To compute the probability den-
sity of the quantity Z, a nonintrusive projection method was
implemented, as described by Eldred et al. [24], and is outlined
briefly in the following section. The quantity Z is expanded on
a basis of multivariate orthogonal polynomials ψi

Z =
∞∑

i=0

ciψi(ξ) (1)

which are dependent on the multivariate random variables
ξ = (ξ1 , . . . , ξM ) with uniform distributions U [−1, 1]. The op-
timal basis polynomials are formed by the product of the 1-D
Legendre polynomials Pn (x), for which the probability den-
sity function f(ξ) of the random variables ξ and the weighting
function w(x) of the inner product 〈., .〉 differ only by a constant
factor in [−1, 1]. In practice, the expansion in (1) is truncated
for a number of basis polynomials Pout + 1

Z ≈
Pout∑

i=0

ciψi(ξ) (2)

where Pout is determined by the maximal expansion degree p

Pout + 1 =
p∑

i=0

(
M + i − 1

i

)
=

(
M + p

p

)
. (3)

The coefficients ci are determined by projecting the truncated
expansion of Z on each basis polynomial and exploiting its
orthogonality in the domain Ω = [−1, 1]M :

cj =
1

〈ψj (ξ), ψj (ξ)〉

∫

Ω
Z(ξ)ψj (ξ)f(ξ) dξ (4)

with j = 0, 1, . . . , Pout. Since the quantity Z depends on the
parameters X1 , . . . , XM , a transformation has to be defined,
mapping the uniform random variable ξi on the random variable
Xi

Xi = Ti(ξi) = G−1(F (ξi)), i = 1, . . . ,M (5)

where G is the cumulative distribution function (CDF) of the
random parameter Xi and F is the CDF of ξi [25]. This trans-
formation Ti exists, if the CDF G is continuous and strictly
monotonically increasing, which is the case in this study. While
the denominator in (4) can be computed analytically, the integral
in the nominator is computed by a numerical evaluation using a
multidimensional cubature. The nodes and weights for the nu-
merical evaluation of the integral are obtained using Smolyak
sparse grids S(L,M), as described by Nobile et al. [19], in com-
bination with the 1-D Clenshaw–Curtis quadrature. The nodes
ti of the Clenshaw–Curtis quadrature correspond to the roots
of the nth Chebyshev polynomial and become nested, if n is
chosen as

n := n(l) =
{

2l + 1, if l ∈ N+

1, if l = 0
(6)

where l is the level of the 1-D Clenshaw–Curtis quadrature. The
nodes and weights of the Clenshaw–Curtis rule were computed
using an algorithm based on a fast Fourier transform (FFT) [26].
The Smolyak sparse grid S(L,M) is a combination of tensor
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Fig. 1. Nodes of a 2-D 9 × 9 tensor grid and a corresponding level 3 Smolyak
sparse grid S(2, 3).

grids, where the sum of the levels l1 , . . . , lM is smaller or equal
to the grid level L (see Fig. 1). For the computation of the
coefficients cj in (4) and, therefore, the computation of the
approximation of the quantity Z(X1(ξ1), . . . , XM (ξM )), the
deterministic model needs to be evaluated for the nodes t(i) =
(t(i)1 , . . . , t

(i)
M ) of the sparse grid with i = 1, . . . , N , where N is

the number of nodes. The numerical evaluation of the nominator
in (4) is then expressed by

〈Z(ξ), ψj (ξ)〉 ≈
N∑

i=1

Z
(
X1

(
t
(i)
1

)
, . . . , XM

(
t
(i)
M

))

× ψj (t(i)) · w(i) (7)

where w(i) is the product of the corresponding 1-D weights. In a
preliminary study, the nonintrusive PC approach was validated
in a simple 2-D finite element model, which allowed a large
number of deterministic model evaluations in a reasonable time
[27]. Results computed with the proposed approach were in
good agreement with that computed with MCS. To quantify the
magnitude of uncertainty in the parameters Xi and the quantity
Z, the relative standard deviation σr

σr =
σ

μ
(8)

with the mean μ and the standard deviation σ is used. The 0.025
and 0.975 quantiles are used to illustrate the confidence interval.

B. Electrical Properties of Brain Tissue

The electrical properties of brain tissue form the random pa-
rameters Xi described in the previous section. The values for the
conductivity and relative permittivity of gray matter and white
matter are based on values from a series of studies reported in
the literature [9]–[12]. These values are reported at different fre-
quencies, but for the volume conductor model these values are
required at a frequency of 2 kHz. Since the frequency-dependent
material properties of gray matter and white matter are only
available for a wide range of frequencies in [9], the conductivity
values in the other studies were approximated at this frequency
by dividing the conductivity value obtained from each of these
studies by the conductivity value obtained from [9] at the appro-
priate frequency and multiplying it with the conductivity value
obtained from [9] at 2 kHz (see Table I). Since no information
on the distribution of the values is presently available, a uniform

TABLE I
CONDUCTIVITY VALUES FOR GRAY AND WHITE MATTER AT A FREQUENCY OF

2 KHZ: 1 [9], 2 [10] SCALED, 3 [12] SCALED, 4 AND [11] SCALED

TABLE II
UPPER BOUNDARIES a, LOWER BOUNDARIES b, MEAN μ, AND RELATIVE

STANDARD DEVIATION σr OF THE UNIFORM DISTRIBUTIONS

OF THE CONDUCTIVITY AND RELATIVE PERMITTIVITY

OF WHITE MATTER AND GRAY MATTER

distribution was assumed with lower and upper boundaries ac-
cording to the determined conductivity values. The uncertainty
in the relative permittivity was modeled by applying the same
uncertainty to the relative permittivity of Gabriel et al. [9]. In
addition to areas of gray and white matter in the brain, several
areas contain out of cerebrospinal fluid, which was assigned
a conductivity value of 2 Sm−1 and a relative permittivity of
200 [9]. Due to the tissue-implant reaction, a thin encapsulation
layer is formed surrounding the electrode body. Likewise for the
other brain tissues, the electrical properties of this encapsula-
tion layer are subject to uncertainty. Since the focus was on the
investigation of the influence of uncertainty in the conductivity
and relative permittivity of brain tissues, the material properties
of the encapsulation layer were not investigated separately, but
were modeled as a function of the uncertainty in the material
properties of brain tissue. To model the chronic stage, in which
the encapsulation is characterized by a higher resistivity than
the surrounding brain tissue, the conductivity and the relative
permittivity of the encapsulation layer were approximated to be
half value of the uncertain conductivity of gray matter [5], and
the uncertain relative permittivity of brain tissue [8], respec-
tively. The conductivities of gray matter and white matter were
modeled as uniform distributions with a relative standard devia-
tion σr of 10%, 20%, and 40% (see Table II). To investigate the
influence of the relative permittivity, an uncertainty of 20% was
applied on the relative permittivity values of Gabriel et al. [9].

C. Finite Element Model

An idealized finite element model of the human brain was
developed, based on the data of the digital SRI24 multichan-
nel brain atlas [20]. The model comprises heterogeneous tis-
sue properties of gray matter, white matter, and cerebrospinal
fluid, which were derived from the segmented magnetic
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Fig. 2. Representation of the Medtronic DBS electrode Mo. 3387. The cylin-
drical electrode has four electrode contacts positioned equidistantly at the tip of
the electrode lead. The second electrode contact is used for unipolar stimulation.

resonance images of the digital brain atlas. A realistic model
of the Medtronic DBS electrode Mo. 3387 (see Fig. 2) sur-
rounded by a 2-mm thick encapsulation layer was incorporated
into the model with the second electrode contact located in the
stimulated target area. This area and the electrode tip is enclosed
by a region of interest (ROI) with an edge length of 19 mm. The
mesh was manually refined until the deviation in the integral of
the current density over the second electrode contact was below
1% resulting in approximately 1.4 · 106 mesh elements. A more
detailed description of the brain model can be found in [21].
Unipolar stimulation was applied by setting the second elec-
trode contact as active, while the remaining electrode contacts
were set to a floating potential, i.e., no net current flow occur-
ring through their surface. The electrical ground reference was
defined on a circular plane located at the bottom of the brain
model. To compute the voltage distribution φ and current I in
the brain model, Laplace’s equation

∇ [(κ + j2πfε)∇φ] = 0 (9)

which applies for conductive κ and capacitive ε tissue properties
was solved at a frequency of f = 2 kHz. For voltage-controlled
stimulation, constant potentials were applied to the active elec-
trode contact and ground using Dirichlet boundary conditions,
while the remaining exterior boundaries were set to be insulat-
ing using Neumann boundary conditions. For current-controlled
stimulation, a normal current density was applied to the active
electrode contact. The FEM computations were carried out with
the commercial software COMSOL MULTIPHYSICS (v4.2,
COMSOL AG) using quadratic elements and the generalized
minimal residual method with a geometric multigrid precondi-
tioner. The iteration was stopped when the norm of the residual
was below 1 × 10−6 .

D. Waveform Computation

Common square-wave-shaped DBS pulses with a frequency
of 130 Hz and a pulse width of 60 μs were used. The modeled
DBS pulse is monophasic and would not produce a charge-
balanced stimulation over time. Since the threshold compu-
tation in the axon model is mainly influenced by the stimulus
amplitude [6], a charge-balancing period with an amplitude sub-
stantially smaller than the stimulus pulse amplitude would most
likely have no effect on the computation of the VTA. To com-
pute the time-dependent voltage response, a method based on
the Fourier FEM method, was implemented [28]. In this method,
the DBS pulse is transformed into the frequency domain using
an FFT, scaled and phase shifted by the transfer function ob-
tained from the finite element model at each location of interest
in the proximity of the stimulated target, and transformed back

into the time domain using an inverse FFT. Instead of comput-
ing the components of the transfer function for each harmonic
frequency of the DBS pulse in the frequency domain, an equiva-
lent circuit model comprising the tissue resistance Rt and tissue
capacitance Ct is used to obtain the transfer function of the
finite element model at each observation point. The resistance
Rt and capacitance Ct are derived from the surface integral
of the current density over the active electrode contact. This
method allows the computation of the voltage response in the
tissue with only one evaluation of the FEM model. The effects
at the electrode-tissue interface are modeled by a constant phase
element as described by Grant and Lowery [6]. It is assumed
that the effects of the electrode-tissue interface can be modeled
by the constant phase element for frequencies above 130 Hz,
in agreement with the results of an experimental study [29].
Moreover, the constant phase element is negligible for current-
controlled stimulation, since capacitive and dispersive effects
dominate the waveform shape [6].

E. Computation of the VTA

The generalized mammalian axon model developed by
McIntyre et al. [23] was used to determine the extent of the
region of neural activation surrounding the electrode. Axons
were arranged in a rectangular 7 × 18 grid, with a spacing of
0.5 mm in the x- and y-directions normal and parallel to the
electrode’s central axis, respectively. The fibers were parallel to
the z-axis, with identical z-coordinates on all fibers. Each axon
comprised 21 nodes of Ranvier with an internodal spacing of
500 μm. The fiber diameter was set to 5.7 μm, with all depen-
dent parameter values set equal to those given in [23]. The model
was implemented using NEURON 7.1 in conjunction with the
Python interpreter [30].

For each axon, the voltage at each of the 21 nodes in response
to a 1 V (voltage controlled) and 1 mA (current controlled)
stimulus at the DBS electrode contact was calculated using the
finite element volume conductor model. It was then applied as
an extracellular potential to each node of each axon. The time
step was set to 1 μs, which was equal to that used in the volume
conductor model. Using the Brent optimization method, the
minimum stimulus amplitude necessary to elicit action potential
propagation in each axon was determined, as implemented in
the SciPy optimization library [31]. The threshold isoline for
a given stimulation amplitude was approximated by a fourth-
order polynomial P (y) using a least-squares fit. To determine
the limits for volume integration, the roots a and b of P (y)
were calculated. The VTA was then calculated using the disk
integration method evaluated between the two roots

V = π

∫ y=b

y=a

P 2(y)dy (10)

and subtracting the volume of the electrode geometry.

III. RESULTS

For the approximation of the probabilistic voltage response
and VTA, up to third-order multidimensional basis polynomials
were chosen, as this polynomial orders has been accepted as an
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Fig. 3. A posteriori convergence of the variance of the RMS value of the
representative probabilistic voltage response 1 mm from the active electrode
contact for a random permittivity, random conductivity, and random permittivity
as well as conductivity. Results are presented for voltage-controlled stimulation
(solid lines) and current-controlled stimulation (dashed lines) with a parameter
uncertainty of 20%.

appropriate approximation degree for various similar modeling
problems [17]. According to (3), the number of polynomials
was 10 for two random parameters and 35 for four random pa-
rameters. The resulting polynomial approximation of the prob-
abilistic quantities was evaluated for 1 million uniformly dis-
tributed random samples for each parameter. This ensured that
the probability density of the desired quantities was accurately
represented. A smaller number of samples would also likely be
sufficient. However, since the evaluation of the polynomial ex-
pansion is not computationally expensive, using a larger number
of random samples than the minimum required is not critical re-
garding the computation time, but may increase the accuracy of
the probabilistic properties of the desired quantities.

In a first step, the influence of the uncertainties in the mate-
rial parameters of gray and white matter on the voltage response
for current-controlled and voltage-controlled stimulations was
investigated for three different cases, where the 1) conductiv-
ity; 2) permittivity; and 3) both conductivity and permittivity
were modeled as probabilistic parameters. Since the probabilis-
tic voltage response and VTA is approximated by a truncated
series of random polynomials, the quality of this approximation
was controlled by computing the relative error of the variance
of the root mean square (RMS) value for the resulting voltage
responses at different grid levels (see Fig. 3). Each study case
showed a good convergence of the variance with a relative error
below 1% at a grid level of 3 and 0.01% at a grid level of 4.
At this grid level, 65 FEM computations were necessary for the
studies in which only relative permittivity or conductivity was
modeled as random parameters, and 401 FEM computations
were required to capture the full set of random parameters.

In the case where conductivity as well as relative permittivity
were modeled as random parameters, the resulting probabilis-
tic voltage response showed almost the same waveform shape
for the mean value as well as for the 0.025 and 0.975 quan-
tiles (see Fig. 4). The uncertainty in the voltage response for
current-controlled and voltage-controlled stimulations differed
both in their relative magnitudes and probability density. While

the probability for the voltage-controlled stimulation resembled
a more symmetric density, the density for current-controlled
stimulation was strongly asymmetric leading to a larger uncer-
tainty in the voltage response above the mean value. In addition,
the magnitude of the uncertainty for current-controlled stim-
ulation was higher than for voltage-controlled stimulation. To
investigate the influence of the uncertainties of the voltage re-
sponse in the proximity of the electrode contact, the average un-
certainty of the RMS amplitude of the voltage response within
a distance of 2.5 mm to the active electrode contact in the coro-
nary plane was computed. In the cases, where the conductivity
was modeled as a random parameter, the uncertainties in the
voltage response for current-controlled stimulation was almost
as large as the parameter uncertainties. In contrast, when only
the relative permittivity was modeled as a random parameter,
the uncertainty in the probabilistic voltage response was negli-
gible for voltage-controlled stimulation. For current-controlled
stimulation, the uncertainty in the voltage response was slightly
larger, but remained below 1% for a parameter uncertainty of
20%. Accordingly, the uncertainties in the voltage response with
random conductivity and random relative permittivity showed
almost the same results as the study, in which only the con-
ductivity was modeled as a random parameter (see Table III).
Therefore, further investigations on the influence of different
magnitudes of uncertainties in the parameters on the voltage
response and the neural activation were carried out for the con-
ductivity modeled as a random parameter, while the relative
permittivity remained at the mean value. Regarding the voltage
response, different magnitudes of 10% and 40% of the parameter
uncertainty in the random conductivity showed similar results of
almost halved and doubled uncertainties compared to the values
obtained for a parameter uncertainty of 20%.

Using the results from the presented study cases for the uncer-
tainty of the probabilistic voltage response for current-controlled
and voltage-controlled stimulations, the probabilistic VTA was
computed for gray and white matter, modeled as random pa-
rameters with a relative standard deviation of 10%, 20%, and
40%. Similar to the investigation of the uncertainty of the prob-
abilistic voltage response, the relative error of the variance of
the VTA was investigated for different grid levels to ensure a
relative error below 1% (see Fig. 5). In contrast to the inves-
tigation of the probabilistic voltage response, the convergence
rate decreased for the variance of the VTA. Therefore, it was
necessary to increase the grid level for the voltage-controlled
cases with a relative standard deviation of 10% and 20% to
ensure the given relative error bound. The resulting number of
necessary FEM computations and computation of the VTA var-
ied between 29 variants for a grid level of 3 and 145 variants
for a grid level of 5. The resulting probabilistic volumes of tis-
sue activated showed larger uncertainties for current-controlled
stimulation than for voltage-controlled stimulation as already
noted in the probabilistic voltage response (see Fig. 6).

For a parameter uncertainty of 20%, the relative standard de-
viation of the VTA is approximately 32% for current-controlled
stimulation and 14% for voltage-controlled stimulation. It in-
creases for a parameter uncertainty of 40% up to 84% and
31%, respectively (see Table IV). In addition to the result that
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Fig. 4. Representative probabilistic voltage response 1 mm from the active electrode contact (left) and probability density of the shown voltage response at a
time step of 64 μs (right) for a current- and voltage-controlled stimulations of −1 V and −1 mA, respectively. The mean voltage response (solid line) as well as
0.025 and 0.975 quantile (dashed line) for random conductivity and permittivity with a relative standard deviation of 20% are shown.

TABLE III
RMS UNCERTAINTY AND STANDARD DEVIATION OF THE PROBABILISTIC

VOLTAGE RESPONSE WITHIN 2.5-mm DISTANCE TO THE ACTIVE ELECTRODE

CONTACT COMPUTED AT THE MEAN AXON NODES IN THE CORONARY PLANE

Fig. 5. A posteriori convergence of the variance of the probabilistic VTA
for random conductivity with uncertainties of 10%–40% for voltage-controlled
(−1.5 V) and current-controlled (−1.5 mA) stimulations. Refinement of the
solution by increasing the grid level was stopped when the relative error was
below 1%.

the uncertainties in the VTA were larger for current-controlled
stimulation than for voltage-controlled stimulation, the magni-
tude of the uncertainties in the VTA almost doubled compared
to the uncertainties in the voltage response for both stimulation
cases (see Tables III and IV). The overall shape and charac-
teristics of the probability densities of the VTA for current-
controlled and voltage-controlled stimulations resembled those
of the voltage response leading to a strongly asymmetric prob-
ability density for current-controlled stimulation and an almost
symmetric probability density for voltage-controlled stimula-
tion (see Fig. 7). Therefore, for current-controlled stimulation,
larger VTAs are more probable than smaller VTAs compared
to the mean value. Although the values for the 0.025 and 0.975
quantiles of the VTA increase for larger stimulation amplitudes

ranging from approximately 135 to 383 mm3 for a stimulation
amplitude of −1.5 mA, the relative standard deviation remains
almost constant for the different stimulation amplitudes (see
Fig. 7).

IV. DISCUSSION

Based on the uncertainties in the material properties of brain
tissue, which were modeled as random uniform variables, the
probabilistic voltage response and VTA for voltage- and current-
controlled stimulations were computed in a finite element model
of the human brain coupled with a multicompartmental nerve
fiber model. The results suggest that the uncertainty in the ma-
terial parameters of brain tissue can have a substantial effect on
the estimated time-dependent voltage response in the proximity
of the stimulated target as well as on the predicted VTA. Both
quantities were influenced more by the probabilistic conductiv-
ity than probabilistic permittivity. A small influence of the rela-
tive permittivity on the voltage response as well as on the VTA
in DBS for current-controlled stimulation was also reported in
a previous parameter study [32]. However, the mentioned pa-
rameter study was limited to the investigation of a halved and
doubled relative permittivity value in a homogeneous analyt-
ical model and did not consider uncertainties in the material
properties of brain tissue to quantify the effect of the relative
permittivity on its own. The results of this study suggest that
for voltage-controlled stimulation the influence of uncertainties
in the relative permittivity of brain tissue are even smaller than
in current-controlled stimulation and that for both stimulation
types these uncertainties are negligible in volume conductor
models of DBS. This effect is assumed to result from a dom-
ination of the real part of the complex conductivity compared
to the imaginary part, which represents the capacitive proper-
ties of the brain tissue [33]. Modeling of the conductivity and
relative permittivity of brain tissue as probabilistic parameters
revealed an asymmetric probability distribution of the proba-
bilistic voltage response for current-controlled stimulation (see
Fig. 4). This asymmetry results from the inversely proportional
dependence of the voltage response on the applied stimulation
current as stated in Ohm’s law. For voltage-controlled stimula-
tion, the probability density of the voltage response resembled
a more symmetric distribution, which results from the influence
of the electrical double layer, which is formed around the active
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Fig. 6. Coronary section of the MRI dataset with the DBS electrode and the ROI overlayed with the probabilistic VTA for current-controlled stimulation
(−1.5 mA) and voltage-controlled stimulation (−1.5 V). The mean VTA (orange), 0.025 quantile (dark blue), and 0.975 quantile (green) for random conductivity
with a relative standard deviation of 20% are shown.

Fig. 7. Probabilistic VTA (left) and the corresponding probability density (right) at a stimulation amplitude of −1.5 mA and −1.5 V for current-controlled and
voltage-controlled stimulations, respectively. Mean value, 0.025 quantile, 0.975 quantile, and relative standard deviation of the VTA for a random conductivity
with a uncertainty of 20% are shown.

electrode contact in this stimulation setup [6]. The electrical
double layer is represented here as a constant phase element,
which acts as a voltage divider and, therefore, reduces the influ-
ence of uncertainties in the material parameters. Consequently,
the absence of the influence of the electrical double layer in
current-controlled stimulation should lead to a more direct in-
fluence of the uncertainty in the material properties of brain
tissue on the voltage response in the proximity of the stimulated
target. This is in agreement with the magnitudes of the computed
uncertainties in the probabilistic voltage response compared to
the those of the predefined uncertainties in the material prop-
erties (see Table III). However, for a parameter uncertainty of
40% the relative standard deviation of the probabilistic voltage
response for current-controlled stimulation was approximately
43.8% ± 1.0% and, therefore, slightly larger than the parameter
uncertainty. To exclude approximation errors, the relative stan-
dard deviation of the probabilistic voltage response was also
computed for an increased grid level of 5 and a polynomial
degree of up to 7, which resulted in a change of only 0.1%.
Therefore, it is assumed that this effect results from the in-
versely proportional dependence of the voltage response on the
applied stimulation current, as discussed above.

The proposed method approximates the stochastics of the
desired quantities, the voltage response and VTA, by a mul-
tidimensional polynomial expansion. The coefficients of this

TABLE IV
UNCERTAINTY OF THE VTA FOR RANDOM CONDUCTIVITIES OF GRAY AND

WHITE MATTER FOR VOLTAGE-CONTROLLED (−1.5 V) AND

CURRENT-CONTROLLED (1.5 mA) STIMULATIONS

polynomial expansion are computed by a multidimensional in-
tegration scheme based on Smolyak sparse grids. To ensure a
valid approximation of the stochastics, it is necessary to check
their convergence for increasing number of integration points
depending on the chosen grid level. Therefore, the relative er-
ror of the variance of the desired quantities was controlled for
increasing grid levels. The relative error for the probabilistic
voltage response was below 1% for a grid level of 3 and below
0.1% for a grid level of 4, which suggest a good approximation
of the probabilistic voltage response even for a grid level of 3
(see Fig. 3). The convergence of the polynomial approximation
depends on the smoothness and functional dependences of the
parameters on the desired quantity. Therefore, a smooth func-
tional dependence without discontinuities is beneficial for the
convergence rate of the polynomial approximation [17], which
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is the case for the computation of the voltage response depend-
ing on the solution of the linear differential equation (9) with
mixed Neumann and Dirichlet boundary conditions. However,
the convergence for the approximation of the probabilistic VTA
was worse compared to that of the probabilistic voltage response
and showed a minor stability (see Fig. 5). Therefore, it was nec-
essary to increase the grid level to 5 for the voltage-controlled
cases with a relative standard deviation of 10% and 20% to en-
sure a relative error of below 1%. It is assumed, that this effect
results from the nonlinear membrane dynamics of the multi-
compartmental model of the mammalian nerve fibers used to
compute the neural activation in the proximity of the stimulated
target [23]. The varying convergence rate for the different study
cases resulted in varying numbers of necessary deterministic
model computations, ranging from 29 computations for a grid
level of 3 up to 145 computations for a grid level of 5. The
total number of deterministic model computations for all study
cases was 514 resulting in 64 764 computations of the thresh-
olds necessary to elicit an action potential in the mammalian
nerve fibers.

Despite the decreased convergence rate, the probability den-
sities of the resulting probabilistic VTAs resembled those of
the probabilistic voltage response for current-controlled and
voltage-controlled stimulations (see Fig. 7). Consequently, the
probabilistic VTA for current-controlled stimulation has an
asymmetric probability density resulting in a larger probability
for overestimated VTA sizes compared to the mean. The relative
standard deviation of the VTA remains approximately constant
for different stimulation amplitudes for current-controlled as
well as for voltage-controlled stimulation. However, the values
of the 0.025 and 0.975 quantiles of the VTA increase for larger
stimulation amplitudes, which also increases the possible over-
and underestimated area in which no neural stimulation is de-
sired. The relative standard deviation of the VTA almost doubled
compared to that of the probabilistic voltage response, which is
assumed to be an effect of the nonlinear membrane dynamics of
the mammalian nerve fibers (see Fig. 4). Larger relative fluctu-
ations of the VTA compared to the change in the conductivity
of brain tissue were also reported for voltage-controlled stimu-
lation in an in silico study in which the same axon model was
used for the computation of the VTA [5]. For current-controlled
stimulation, the extend of the VTA varied by up to 2 mm for a
stimulation amplitude of −1.5 mA and a parameter uncertainty
of 20% (see Fig. 6). This predefined parameter uncertainty is
located in the lower value set of parameter uncertainty found
in the experimental literature (see Table I). The stimulated tar-
get, the STN, has a diameter of approximately 10–15 mm [34]
and can be classified in a limbic, associative, and motoric do-
main [35], which have different effects on the motor symptoms
of PD when stimulated [22]. Therefore, the results of this study
suggest that even small changes of the electrical conductiv-
ity in volume conductor models of DBS can have a relevant
influence on the computed therapeutical effect, especially for
current-controlled stimulation. Although uncertainty in the VTA
for voltage-controlled stimulation was smaller than for current-
controlled stimulation, impedance changes in voltage-controlled
stimulation could result in a substantial change of the VTA over

time. Measurements of the electrode impedance in an in vivo
study performed in nonhuman primates showed a substantial
change of the impedance and voltage distribution of approxi-
mately 50% for voltage-controlled stimulation and only approx-
imately 7% for current-controlled stimulation after 60 min of
stimulation [3]. This result suggests that the VTA for current-
controlled stimulation would remain more constant over time
while the VTA for voltage-controlled stimulation would change
substantially over time. To date, first clinical trials report an
improvement of symptoms in PD with current-controlled DBS,
but a comparison between the effects of current-controlled and
voltage-controlled stimulations in humans is still pending [36].

The used method to compute the VTA in the proximity of
the stimulated target is a well-established procedure to receive
a first estimation of the therapeutical effect of DBS [5], [6], [8].
Nevertheless, the method simplifies reality by predefining a per-
pendicular alignment of the neurons relative to the electrode
body while gray matter neurons have a more deviating orienta-
tion [37]. In addition, uncertainty in the VTA could be affected
by the axon fiber diameter, which may vary in the proximity
of the DBS electrode for different stimulated targets. Consider-
ing an uncertainty in the fiber diameter and internodal spacing,
the proposed method would allow to quantify this uncertainty.
Since only thresholds necessary for eliciting an action potential
in each neuron are computed, no insights about the complex
network effects in the basal ganglia can be gained. To have a
realistic representation of the spatial distribution of gray matter,
white matter, and cerebrospinal fluid in the brain, the volume
conductor model used in this study is based on segmented MRI
data from a digital brain atlas, which consists of the average
image data of 24 humans [20]. While the information of the
segmented MRI data agrees well with the overall anatomy of
the brain, the data does not fully render the basal ganglia nuclei,
resulting in homogeneous white matter areas at the stimulation
target, which consist anatomically of gray matter. Therefore, a
computation of the VTA by a rotation integral was chosen, since
it was assumed that the local effect of tissue heterogeneity at the
stimulation target is small. A more realistic representation of the
basal ganglia nuclei could improve the results and the investiga-
tion of tissue heterogeneity in this area. However, a preferably
precise segmentation of the basal ganglia nuclei is made prob-
lematic, since high-resolution data, expert advices, and manual
segmentation steps are necessary [21]. The material properties
of gray and white matter were modeled as uniform distributions.
Because literature data of these parameters are scarce, a uniform
distribution having a maximum entropy probability distribution
is suitable to model some kind of a “worst case” scenario and
more data would be needed to gain a more realistic representa-
tion of their uncertainty. If a large number of data measurements
with the same experimental setup could be available, a normal
distribution of the data would be most likely. Since the focus
was on the uncertainties in the material properties of the brain
tissue in the proximity of the stimulated target, possible uncer-
tainties in the material properties of cerebrospinal fluid were
not included in this study. However, for applications, were the
stimulated target is closer to areas of cerebrospinal fluid, such
as the ventricles, the influence of these uncertainties could be of



1386 IEEE TRANSACTIONS ON BIOMEDICAL ENGINEERING, VOL. 60, NO. 5, MAY 2013

interest. The polynomial expansion of the probabilistic voltage
response and VTA was computed for up to third-order polyno-
mials. It was ensured that this polynomial degree is sufficient
to present the stochastics of these quantities with a relative er-
ror of below 1%. However, for nonuniform parameter distribu-
tions and more complex functional dependences, such as strong
nonlinearities, a higher polynomial degree would be necessary.
Since the quality of the approximation by a certain polynomial
degree depends on the number of grid points for the numerical
integration of the coefficients of the polynomial approximation,
a larger grid level would be necessary to ensure convergence of
the stochastics.

Despite the discussed simplifications, the proposed method
enables a first estimation and error bounds of the extend of
uncertainties in the voltage response and neural activation in
volume conductors of DBS to be computed with relative com-
putational efficiency. The number of computations of the de-
terministic model to obtain the probabilistic VTAs ranged from
29 to 145 for two uncertain parameters, which are substan-
tially less computations compared to a classical MCS. If the
number of parameters increase, a classical MCS might be a
more efficient way. However, performing a classical MCS on
the computational expensive finite element model in a reason-
able time would be challenging. The reduction of the necessary
deterministic model computations is achieved not only by using
orthogonal projections to compute the coefficients of the poly-
nomial approximations, but also by using sparse grids for the
numerical evaluation of the coefficients. These sparse grids are
nested, which means that a grid of a certain level n contains
also the solution for any smaller grid and, therefore, provides
a convenient way of ensuring the convergence of the approxi-
mation. Furthermore, already computed grid points can be used
for a refinement of the solution. The proposed method does not
require a modification of the underlying deterministic model.
Therefore, the method can be applied to other models subject to
uncertainties in the model parameters.

V. CONCLUSION

In this study, the influence of uncertainties in the material
properties of brain tissue on the uncertainty in the probabilis-
tic voltage response and VTA during DBS was investigated.
The results suggest that the major contribution to the uncer-
tainty of the desired quantities arises from uncertainties in the
conductivity. The contribution of uncertainties in the relative
permittivity was found to be negligible. Small uncertainties in
the conductivity approximately doubled the level of uncertainty
in the probabilistic VTA. These results lead to the conclusion
that the uncertainty in the conductivity of brain tissue should be
considered in volume conductor models of DBS and points out
the limitations of deterministic models by providing only a sin-
gle solution. The proposed method to compute the probabilistic
desired quantities was found to be computationally efficient for
up to four parameters, requiring a substantially smaller amount
of deterministic model evaluations than a traditional probabilis-
tic sampling method, such as MCS. Depending on the model
problem and required accuracy, using the proposed method the

quantification of uncertainty for additional parameters, such as
the electrical double layer and electrode geometry, may also be
possible.
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